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Abstract

The flow of a rarefied gas, in a plane channel, is investigated, with special attention to the gas—surface interaction, modeled
by the Cercignani—Lampis kernel that is defined in terms of normal and tangential accommodation coefficients. An analytical
version of the discrete-ordinates method is used to solve, in an unified approach, the Poiseuille flow, thermal-creep flow and
Couette flow problems with kinetic equations defined in terms of the BGK model. Numerical results for the velocity and heat-
flow profiles and flow rates are reported, for a wide range of the accommodation coefficients and the Knudsen number.
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1. Introduction

It is known that, in the analysis of a rarefied gas flow, in microscales, its interaction with surfaces plays a very important
role [1]. In particular, the material surface — its type and roughness — determines the gas—wall interaction, which leads to the
definition of different accommodation coefficients [2]. In the mathematical modeling of the problem, the boundary conditions
take into account the wall type via the scattering kernel. Different types of scattering kernels express different gas—surface
interactions, as for example, the well known Maxwell’s scattering kernel [3], where it is considered that some fraatiaf 1
the particles is reflected specularly and the remaining fractimreflected diffusely.

Other kernels have been proposed and studied over the years [4,5]. In this sense, the idea of looking for better physical rep-
resentation of the surfaces, mainly considering more than one accommodation coefficient, has been pursued. In this context, the
Cercignani—Lampis model [6], which introduces two accommodation coefficients — the tangential accommodation coefficient
(ar € [0, 2]) and the normal accommodation coefficiem} € [0, 1]) — is very well known. In recent works [7-9] a numerical
methodology (the discrete-velocities method) was used to solve, based on the S-model kinetic equations, some classical prob-
lems of the rarefied gas dynamics, including the Cercignani—Lampis kernel. A numerical technique [10] applied to the integral
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form of the Boltzmann equation, was also used for the solution of the Poiseuille flow problem, with this type of boundary
conditions.

In particular, this kernel has also been associated to the modeling of some problems which have been solved by a recen
analytical version of the discrete-ordinates method, the ADO method [11]. In fact, in a series of recent works [12—19], the ADO
method has been used to provide “unified” solutions for a class of problems based on kinetic equations (the BGK model [20],
the S model [21], the CLF model [22,23], the CES model [24]) and the linearized Boltzmann equation [25].

In trying to obtain a wide class of problems solved by the same methodology, which has analytical character, adequate to
deal with different problems and different model equations, the use of the Cercignani—-Lampis boundary conditions along with
the ADO method, has been also investigated. In this way, results for the Poiseuille flow and thermal-creep flow, based on the
BGK model and the S-model equations [26—28] were obtained as well as results for the slip coefficients, based on the BGK
model, the S-model and the linearized Boltzmann equation [27,29].

In this work, keeping in mind the development of this analysis, based on the use of the Cercighani-Lampis boundary
conditions associated with the ADO method, and the interest of providing results for surface effects study which is so important
in microscales phenomena, we consider, in an unified approach, the solution of the Poiseuille flow problem, the thermal creep
flow problem and the Couette problem, based on the BGK model equation and the Cercignani—Lampis kernel for describing the
gas—surface interaction.

2. General formulation

We consider, as a starting point of this work, the kinetic equation written in terms of a perturb@tia, to the distribution
function from a local Maxwellian, as [3,24]
8 X o0 o0
¢y 5-h(y.©) +eh(y,©) = en 32 / f / e’ n(y.)F(d : 0 dc, de}, de] + S(0), 1)
y

—00—00—00

where we follow [26] and we write the kerng&l(c’ : ¢) as

F(d:0)=1+2C -¢)+ 3<c/2 - §) <c2 - §) +8M( :0), 2
3 2 2
with
AR i /. 12 _ § 2 _ §
Mc:c)= 15(c C)(c 2)(0 2>, )

and where the cagg= 0 defines the well known BGK model equation [20] that will be the basis for establishing the numerical
results, in this work. We note that we chose here to write the expression for the kernel, as in Eq. (2), because it includes also
the cases = 1 that defines the S-model [21], another constant collision frequency model, in terms of which some numerical
comparisons will be established, later on in this work.

Inregard to Eq. (1), we use the dimensionless (written in terms of a mean-fre@ ppdtial variabley, the three components
of the velocity vectol(c,, cy, c;) are expressed in dimensionless units and

&= ogn()rr 12, (4)

whereoy is the collision diameter of the gas particles (in the rigid-sphere approximatiompaadhe (constant) density of gas
particles. Continuing, considering the problems we want to investigate in this work, we write

S(0) = —cx[k1 +ka(c? + 2 + ¢Z = 5/2) + 2kscy ], )

where the choicesk{ # 0, arbitrary ando = k3 = 0), (k1 = k3 = 0 andky # 0, arbitrary) define, respectively, the Poiseuille
flow and the thermal-creep flow problems. In fagt,andk, are the constant gradients (in dimensionless units) of the density
and temperature [3]. Still, the choick (= k2 = 0 andkz # 0, arbitrary) is associated, here, with the Couette flow problem. In
this last case, we consider thatis the gradient of the (linear) velocity [3] which, at the boundary, we define to be equal to the
velocity of the wallu,,.

For plane channel problems,e [—a, a], we supplement Eq. (1) with boundary conditions. In this work, we use the
Cercignani—Lampis boundary conditions [6,26] such that

o0 0 0
h(—a,cx,cy,c;) = h(—a,c.,—c,c)R(C., =), ¢l cx, ey, c;)dc’ del de’ (6a)
stx, Ly, Lz s Cxo vtz X yrCz - tx Gy, €z X z y

0 —o00o—00
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and
(ool ol e}
h(a,cx,—cy,cz) / f / h(a,cx, v Z)R(cx, s € ,cx,—cy,cz)dc;dcédc’y. (6b)
0 —oco—00
Here
/ / / 26/} / / /
R(cy, ¢}, ¢ tex, ey, c0) = mT(cx tex)S(ey tey)T (e tez) ©)
with
[(1— o)z —x]?
T(x:z)= exp[—m} (8)
and
S(x:2) =eXp[ 1= an)l/zz _X] :| 0|:2(1 an)l/2|XZ|] 9)
(047} (097)
For computational purposes, we write
Ip(w) = Ip(w)e™" (10)
wherelp(w) is the modified Bessel function,
2
Io(w) = 1 / e 0% digp. (11)
2 ;

As we see in Egs. (7) to (9), the Cercignani—-Lampis kernel [25] is defined in terms of two accommodation coefficients [21,29]:
a; € [0, 2] the accommodation coefficient of tangential momentum @gpée [0, 1] the accommodation coefficient of energy
corresponding to the normal component of velocity. According to the literature [7] the use of these two accommodation coeffi-
cient allows a better physical representation of the roughness effects.

The quantities of interest, we seek to compute in this work, as for example [26], the velocity profile

o o0 X
u(y):rr73/2/ / /efczh(y,cx,cy,cz)cxdcxdcydcz, (12)
—o0—00—00
the heat-flow profile
X o0 XX
qgOy)=n" 3/2/ / / Ch(y cx,cy,cz)< )cxdcxdcydcz, (13)
—O0—00—00

and, for the Couette flow problem, a component of the pressure tensor

[o.Sle clie o)

ny=7T_3/2/ / /e_czh(y,Cx,cy,cz)cxcydcxdcydcz, (14)

—00—00—00
are defined in terms of some moments, or integrals, ohthenction. Next in this work, we use this fact to develop simpler
problems, derived from Eq. (1), which will be solved with the discrete ordinates approach —the ADO method [11].
Before proceeding to the development of the discrete ordinates solution that will be used to evaluate Egs. (12), (13) and (14),
we note that, since we will be working with the BGK model, in this work, from this point, wesusd. in Eq. (1). In fact, this
is the resulting numerical value [24], for the BGK model, when a mean-free path based on either viscosity or conductivity is
used to evaluate Eq. (4).

3. A vector formulation

In order to get simpler formulations to evaluate the quantities of interest, we start by multiplying Eq. (1) by

$1(cx. c0) = (cy ) €= (CEHeD) (15)
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and we integrate over atl. andc;, such that, if we introduce the new notatige= ¢, and we define

oo o0

h1(y,§) = / /¢l(CxaCz)h()’»Cx,€,Cz)dCxdCz (16)
—00—00
we find that
3 o0
2
55h1(y,5)+h1(y,$)=n_1/2 / e hy(y, &) dg" +ay(6) 17)
—00
where
oo o0
a1(§) = / /¢l(CXsz)S(Cx7§sCz)dCxdCz- (18)
—00—00

As a second step, we multiply Eq. (1) by
271/2
bo(cr.cz) = S cx (2 + 2 — 2)e(EHeD) (19)
T X Z

such that, if we define,

oo o0

ha(y.€) = f / $o(cx. ch(y, cx. £ cz) dey des (20)

—0o0—00

and follow analogous procedure to the one described above, we find

ad
é@hz(y, &)+ ha(y,§) =az(8) (21)
with
az§) = [ /¢2(vaCz)S(Cx,fycz)ddeCz- (22)

To be more specific, considering the Poiseuille flow, thermal-creep flow and Couette flow problems, that we discuss in this
work, in Eq. (18),

k ko (1
a@)=—7+ 52(5 - 52) — kg (23)
and, in Eq. (22),
k
ax(§) = ﬁ(—%) (24)

In this way, we letH(y, &), to be the vector with componentg (y, £) andhx(y, £) and we rewrite Eqgs. (17) to (24) in a
more appropriate matrix form as

9]

a
SaH()”é)'FH(y,S): / w(EHH(, &) dg" 4+ S°&), (25)

—0o0

where
/2
w(E)=r"t2e"Q (26)
with

Q:[é 8]. @7)
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In Eq. (25), the components of the vec&it(¢) are defined by:1(£) andax (&) given, respectively, by Egs. (23) and (24). We
recall that for defining the Poiseuille flow problem we ége 0, ko = k3 = 0, in the expressions above; for the thermal-creep
problem we usé, = k3 = 0 andky # 0, while, for the Couette flow problem we uke= k» = 0 andks # 0.

The proposed procedure, derived from Egs. (15) and (19), is also applied to the boundary conditions. We find, from Egs. (6),
that

o
H(—a,é)=A/H(—a,—$/)f($/,é)d$/ (28a)
0
and
o
H(a, —$)=A/H(a,$/)f($/,%‘)d$/ (28b)
0
with
A_|:l—a; 0 :| (29)
Lo a-w)?
and
, 28/ 1_n1/2_/2A21_nl/2/
f(g,g):iexp[—[( an)/E —§&] }10[ (1—on) SE] (30)
ap Op Op
We can also express the quantities of interest, defined in Egs. (12) to (14), in terms of the vector notation, as
o0
u =22 [ e oMo (31)
—00
o
q(y)=n""2 / e (€% -1/ V2]H(.8)ds (32)
—00
and
Pey=n"12 / e €11 OH(y. £)¢ d. (33)
—0o0

We now proceed to develop a discrete-ordinates solution for the problem given by Eq. (25) with boundary conditions given
by Egs. (28). In fact, as we will see later on in this text, we can also consider for these problems we solve in this work, in regard
to the boundary conditions, Eq. (28b), for example, along with either a symmetry condition

H(y,&) =H(-y,—§) (34)
or an anti-symmetry condition
H(=y, =§)=—-H(.§) (35)

to specify the behavior at the boundaries.

Finally, looking back to Egs. (17), (21), (23) and (24), and noting the homogeneous boundary conditions, it is easy to see
that, for the Poiseuille flow problent{ # 0 andk, = k3 = 0) one may choose to deal only with the problem. In fact, this
approach was already used by Knackfuss and Barichello [28] along with a variation of the ADO method based on explicit
expressions for the elementary solutions independent of the spatial variable. On the other hand, Eq. (21) could also be solved, in
principle, analytically. In this work, however, we chose to work in the vector formulation derived above, to develop a procedure
which could be, as much as possible, “unified” for dealing with all the three problems at the same time and also because a similar
vector formulation has been used for solving problems based on other model equations, by the ADO method [13-15,17].
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4. The development

First of all, we note the source term in Eq. (25) and write

H(y, &) =H"(y,&) + HP (3, €). (36)

Keeping in mind the specific definition of the source term, depending on the choibgsefandks, we then seek for particular
solutions of a form

HP(y, &) = By? + Cy& + D&% + E& +F, (37)
whereB, C, D, E andF are constant vectors, and we find

1 [ky(y? — 29 +26%) + kp(1/2 — £2) — k3t
HP(y, &) == , 38
o.0=3] Iy ] (38)
such that, if we substitute Eq. (36) in Egs. (25) and (28b) we obtain that the homogeneous solution satisfies the problem
o0
0
EH 0.0 +H 0.0 = [ WEH 0.6 (39)
—00
with ¥ (&) given by Eq. (26) and the boundary condition
o0
M@, =6) = A [ W@ )7 E 6 ' =RG), (40)
0

For the Poiseuille flow and thermal-creep flow problem, along with Eqg. (40) we consider the symmetry condition given by
Eq. (34); for the Couette flow problem, Eq. (35), the anti-symmetry condition is considered. Still flighes) is defined in
Eqg. (30),

A 1-— o 0 (41)
_[ 0 (1—at)3]
and
R(E)=AfHP(a,S’)f(E’,S)d€’—H”(a,—é). (42)
0

4.1. Adiscrete-ordinates solution

We solve the homogeneous problem, defined by Egs. (39) to (42), with the ADO approach [11]. Thus, we Mgjimiata

“half-range” quadrature scheme and we write the discrete-ordinates version of Eq. (39) in the form
d N
+E; EHh(y’ £85) +HI (. 28) = oW E[H (. 80 + H (v, —&0)], (43)
k=1

fori =1,2,..., N, where we emphasize that tte nodes and weight&;, w;} are defined for evaluating integrals over the
interval[0, c0).

We seek for solutions of Egs. (43) of the exponential form

H (v, 6) =@, 6)e7?/" (44)
to obtain
N
VFEPO, HE) =v Y W E)[PW, &) + S, —&)]. (45)
k=1

We then le® ;. (v) and® _ (v) be 2V x 1 vectors, the each:21 components of which are, respectivayv, &) and® (v, —&),
such that, in writing

U=, () +d_(v) (46)
we obtain, after some manipulations [11], from Eq. (44) evaluatéd=at-£;, an eigenvalue problem
(D —2W)U =2U. 47)
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Here

A=1/v2, (48)

o-s (1)1 (4 (2)')

with | denoting the Z 2 identity matrix andV the 2V x 2N matrix where each & 2N submatrix is defined as

1\2
Riz(g) [01%(51) @2¥(52) ... on¥(EN)] (50)

L
fori=1,2,..., N. We also recall here Eq. (26).
From Eq. (47) we obtain a set of eigenvalues and eigenvetors);}, for j = 1,2,..., 2N in terms of which we find we
can write

1 .
D4 (vj)= %, diag{(v; + DI, (v; +E)I..... (v; +ENI}U; (51a)
and
1 .
D_(vj)= Z diag{(v; — DI, (v; —&I..... (v; —EMI}U;, (51b)
wherev; is the positive square root of1; and nowl is the 2x 2 identity matrix. At this point, we write
2N
Hél:(y) — Z[Aj¢i(vj) e~ @tn/vj 4 Bj®<(v)) e*(afy)/v.i]. (52)
j=1

As usual, for conservative problems [12] it is expected that (at least) one of the separation constanesample, becomes
unbounded a®’ tends to infinity. Thus, in this work, we write the final form of the solution for the homogeneous problem as

2N
HA (y) = A101 + B1#5.(y) + d[aje=0)) e @IV 4 B (v)em @I/, (53)
j=2

where the & x 1 exact solutions¢?, defined byN (vector) components of the form

1|1
Fl= [ 0] (54)
and ¢§:(y), with N (vector) components
Fi<y>=[ng$], (55)

were introduced.
Still, to establish the final solution for the homogeneous problem, for the Poiseuille flow and thermal-creep flow problems,
we first consider the symmetry condition and rewrite the general solution, Eq. (53), as
2N
HE ()= 4101+ )" Aj[@s(v)) e @IV 4 @ (v)) e @] (56)
j=2
and we then obtain the arbitrary constants for j =1,..., N by evaluating the boundary condition given in Eq. (40) at the
guadrature points. In other words, we solve the linear algebraic systemfor..., N,

N 2N
A1{¢1 -~ [A*fblZwkf(sk,s,-)” + >4 {[<b_<v,~>e—2“/”-f + @, (v))]
j:2

k=1
N
—~ [ > on f & ENAT[@ 4 (v)) €2V <1>_<v,,~>]} } =R*(&). (57)
k=1
where, forA given in Eq. (41), we define a2 x 2N matrix
A* =diaglA, A, ..., A}, (58)

and each two lines of theA2 x 1 vectorR*(g;) is of the type
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N
RE) =AY [o fE OHP (a,&)] —HP (a, —&). (59)
k=1
Once we have established the solution of the homogeneous problem we will define the quantities of interest, for the Poiseuille
and thermal-creep flow problems, in terms of the general discrete-ordinates solution of the vector problem as
2N
Hi(y) = Hi()’) 4 A1¢1 + Z Aj[d)]F(vj)e_(“"’y)/”j + qsi(vj)e—(a—y)/vj]_ (60)
j=2
Here we IelH‘l(y) denotes the ® x 1 vector, the 2« 1 components of which are, respectivély’ (y, ££&;).
On the other hand, for the Couette flow problem, in Eq. (53), we consider the anti-symmetry condition, such that we write
the solution for the homogeneous problems as
2N
HL () = B3 () + Y [Aj () e @IV — @ (vj)e@)/v] (61)
j=2
and, in this way, the associated linear algebraic system to be solved in order to determine the arbitrary constants is given by

N 2N
Bl{¢2_()’) - [A* > o f & éi)q’i(y)“ +> Aj{[¢—(vj)e_2“/"./ —d ()]
k=1 j=2

N

- [Z o f . E)AF[@ 4 (v)) e 24V — «b(vp]} } =R*(&), (62)
k=1

whereA* andR*(&;) are defined as in Egs. (58) and (59). Thus, similarly to Eq. (60), for the Couette flow problem, we will

evaluate the quantities of interest by using the expression

2N
Hi() =HL0) + B1#3(y) + D [A;@+(v)) e @I — b (vj)e@ /v, (63)
j=2

5. Quantities of interest

In addition to the velocity and heat-flow profiles, Egs. (31) and (32), we consider in this section, the particle and heat-flow
rates, given, respectively by

1 a
U=—5 /u(y)dy (64)
and
1 ¢ d
0=55 /q(y) y, (65)

for a (22) channel. We evaluate the discrete-ordinates version of Egs. (31) to (33), (64) and (65), noting specific definitions for
each one of the problems.
In what follows we use the definition of the vector

Nj) =[014(E) @242 ... oNyAEN][P+)+S-(v)], (66)
with componentsVy (v;) andNa(v;), where
1 0
AE) = -2 —52[ ] 7
&)=mn e £2_12 V2]’ (67)
and the expressions
Mj(y) = Aj[e_(”+y)/"f + e—(a—y)/V_;]’ (68)
Qj(=A4;vj(1—e /"), (69)

to write:
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Poiseuille flow. Velocity and heat-flow profiles

k

ky 2N
ap() =% + Y Mj()Na(v));

j=2

Particle and heat-flow rates

_ 1
Ur=22

1
0,= M[akl+2z Qj(N2(v))

2
|:ak1<a3 + 1) +2aA1 423 Q;()N1())

2N

=2

2N

j=2

2N

j=2

]

upM =22+ D+ AL+ Y Mj(»)NL)),

2

Thermal-creep flow. Velocity and heat-flow profiles

2N

ur(y)=A1+ Y M;(y)N1(v)),

5
a1 () == k2 + Z M;(y)No(v));
j:

j=2

2N

2

Particle and heat-flow rates

1 2N
U, = o |:2aA1 + 22 Qj(y)Nl(vj)i|’
j=2
1 5 2N
0 = ﬁ[_ékza +22Qj(Y)N2(”j)
j=

Couette flow. Velocity and heat-flow profiles

uc(y)=(kz+ By + Y A;[e” @IV e @I Ny (v)),

2N

ge(y) =) Aj[e @I — e @ IIINyv));

j=2

2N

j=2

Particle and heat-flow rates

Vo= 22

Qc:

1
242

2N

S Ay - g

Jj=2

2

2N

=2

Component of the stress tensor

o

k3
2

B
2

)

}.

|

|

1 .

121

(70)

(71)

(72)

(73)

(74)

(75)

(76)

(77)

(78)

(79)

(80)

(81)

(82)
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Table 1
Poiseuille flow: velocity profile:,(y), 22 =1, a; = 0.5
v/a S-CL [26] S-CL(e=¢) S-DE [26] BGK-CL BGK-CL BGK-DE [17]
ap, =05 ap =05 o=q ap =05 a, =0.01 o=q
0.0 -1.77759 -1.78245 -1.79254 -1.76674 -1.77900 -1.77883
0.1 —1.77490 -1.77922 —1.78999 -1.76410 —1.77649 -1.77631
0.2 -1.76680 -1.76949 -1.78228 -1.75614 -1.76889 -1.76873
0.3 -1.75314 -1.75310 —1.76930 -1.74272 —1.75609 —-1.75506
0.4 -1.73368 -1.72978 -1.75081 -1.72359 -1.73786 -1.73776
0.5 —1.70799 —1.69908 —1.72642 -1.69834 -1.71382 -1.71376
0.6 -1.67544 -1.66028 —1.69555 -1.66633 —1.68337 -1.68335
0.7 —1.63494 -1.61219 -1.65717 -1.62648 —1.64551 —-1.64554
0.8 —1.58454 -1.55263 —1.60946 -1.57685 —1.59845 —1.59850
0.9 -1.51992 —1.47666 —1.54827 -1.51314 -1.53814 -1.53812
1.0 -1.41902 —1.35862 —1.45199 -1.41346 —1.44388 —1.44292
Table 2
Poiseuille flow: velocity profile:, (y), 2a =2, a; =0.5
y/a BGK-CL BGK-CL BGK-DE [13]
ap =05 o, =0.01 o=
0.0 -3.647834 -3.653676 -3.652222
0.1 -3.640383 -3.646286 —3.644836
0.2 -3.617928 -3.624011 -3.622577
0.3 -3.580145 -3.586524 -3.585117
0.4 -3.526441 -3.533223 -3.531852
0.5 —-3.455844 -3.463117 -3.461789
0.6 -3.366792 -3.374602 -3.373321
0.7 -3.256671 -3.264970 -3.263728
0.8 -3.120647 -3.129168 -3.127917
0.9 —2.947672 —2.955481 —2.954020
1.0 -2.678901 —2.680443 -2.676407
Table 3
Poiseuille flow: the flow rat&/,, a; = 0.5
2a S-CL [26] S-DE [26] BGK-CL BGK-CL BGK-DE [13]
ap, =05 o=qa ap =0.5 ap =0.01 =
0.01 -5.014219 —7.210007 -5.011569 —6.491368 -
0.02 -4.668298 —6.298270 -4.664196 —5.909004 -
0.03 —4.474712 -5.808061 —4.469520 -5.550575 -
0.04 —4.342079 -5.482139 —4.335982 -5.293481 -
0.05 —4.242237 -5.242765 —4.235359 -5.095217 -5.223297
0.07 -4.097278 —4.905303 —4.089094 —4.802865 -
0.09 -3.993879 -4.672567 -3.984625 —4.593247 -
0.1 -3.951889 —4.580089 -3.942165 -4.508329 —4.556407
0.3 -3.573656 -3.806140 -3.558721 -3.770488 -3.778472
0.5 -3.447263 -3.571767 —3.430280 -3.541575 —3.544371
0.7 -3.388287 -3.464010 -3.370373 -3.436681 -3.437669
0.9 -3.359841 -3.409028 -3.341530 -3.383783 -3.383887
1.0 -3.352483 -3.392769 —3.334088 -3.368405 -3.368218
3.0 -3.499791 -3.503677 -3.483401 -3.488489 -
35 -3.565466 -3.569734 -3.549687 -3.555699 -
4.0 —3.634859 —3.640058 -3.619647 -3.626974 -
5.0 -3.780735 -3.788425 -3.766531 -3.776820 -3.774402
6.0 -3.932453 -3.942771 -3.919108 -3.932276 -
7.0 -4.087720 —4.100498 -4.075113 —4.090881 -4.088108
9.0 —4.404578 -4.421533 —4.393176 -4.413231 -4.410190
100 —-4.565036 —4.583722 -4.554131 —4.575935 -

1000 —19.50102 —19.53951 —19.49650 —-19.53765 -
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Table 4
Poiseuille flow: heat-flow profilg, (y), 22 = 1,0, =0.5
y/a S-CL [26] S-DE [26] BGK-CL BGK-CL BGK-DE [30]
a, =05 o =q a, =05 o, =0.01 o =q

0.0 2.40629(-1) 2.76699(-1) 1.91854(-1) 2.09741(-1) 2.10798(-1)
0.1 2.39761(-1) 2.75924(-1) 1.91160(-1) 2.09107(-1) 2.10167(-1)
0.2 2.37134(-1) 2.73578(-1) 1.89055(—1) 2.07185(-1) 2.08251(-1)
0.3 2.32674(-1) 2.69595(-1) 1.85470(-1) 2.03911(-1) 2.04989(-1)
0.4 2.26248(-1) 2.63856(-1) 1.80281(-1) 1.99171(-1) 2.00264(-1)
0.5 2.17640(-1) 2.56164(-1) 1.73281(-1) 1.92774(-1) 1.93887(-1)
0.6 2.06511(-1) 2.46210(-1) 1.64148(-1) 1.84423(-1) 1.85559(-1)
0.7 1.92299(-1) 2.33480(-1) 1.52348(-1) 1.73622(-1) 1.74779(-1)
0.8 1.73992(-1) 2.17035(-1) 1.36911(-1) 1.59466(—1) 1.60635(—1)
0.9 1.49341(-1) 1.94755(-1) 1.15681(-1) 1.39934(-1) 1.41067(-1)
1.0 1.06894(-1) 1.55516(-1) 7.77162(-2) 1.04677(-1) 1.05346(-1)
Table 5
Poiseuille flow: the heat-flow rat@ ,, a; = 0.5

2a S-CL [26] S-DE [26] BGK-CL BGK-CL BGK-DE [30]

oy, =05 o=q a, =05 oy =0.01 o=qa

0.01 1.423000 2.770617 1.408981 2.352043 -

0.02 1.249702 2.311215 1.228046 2.038897 -

0.03 1.151878 2.060542 1.124381 1.841613 -

0.04 1.084182 1.891307 1.051862 1.697491 -

0.05 1.032667 1.765080 9.962174(-1) 1.584570 -

0.07 9.566156(-1) 1.583132 9.133327(-1) 1.414610 -

0.09 9.010436(-1) 1.453788 8.522460(-1) 1.289586 -

0.1 8.780440(-1) 1.401214 8.268522(-1) 1.238012 1.2664

03 6.471470(-1) 9.094469(-1) 5.712674(-1) 7.507963(-1) -

0.5 5.444746(-1) 7.155058(-1) 4.607790(-1) 5.663927(-1) -

0.7 4.786409(-1) 6.004731(-1) 3.926452(-1) 4.619360(-1) -

0.9 4.307185(-1) 5.216112(-1) 3.448332(-1) 3.929745(-1) -

1.0 4.110242(-1) 4.904286(-1) 3.256784(-1) 3.663468(-1) 3.6854(-1)

30 2.272407(-1) 2.349312(-1) 1.627443(~1) 1.629235(-1) -

35 2.056379(-1) 2.091089(-1) 1.455576(-1) 1.438762(-1) -

4.0 1.879290(1) 1.885784(-1) 1.317739(~1) 1.289338(~1) -

5.0 1.604938(-1) 1.578737(-1) 1.109510(-1) 1.069215(-1) -

6.0 1.401296(-1) 1.359157(~1) 9.589976(-2) 9.142776(-2) -

7.0 1.243653(-1) 1.193805(-1) 8.447597(-2) 7.989805(-2) -

9.0 1.014953(1) 9.606501(-2) 6.823850(—2) 6.384237(-2) -

10.0 9.292892(-2) 8.752351(-2) 6.225335(-2) 5.801937(-2) 5.8364(-2)

1000 1.065782(=2) 9.670226(-3) 6.945731(-3) 6.283500(-3) -

6. Computational aspects and numerical results

To evaluate Egs. (70) to (82), the first step is to define the quadrature scheme associated to the ADO method. In this sense,
for most of the problems in the rarefied gas dynamics field, that have been solved by this method [13,17,19], the following
approach has been shown to be adequate for several cases, which is: to map the interval of integration into tHi8,ititerval
and then map the Gauss—Legendre points linearly to this interval. In general, the expression

u@g)=e"* (83)

is the one used to map the intery@l co) into [0, 1].

Once the quadrature scheme is defined, the next steps are: to get the eigenvalues (separation constants) by solving Eq. (47
with a numerical linear algebra routine available; to evaluate Egs. (51) to obtain the numerical elementary solutions; to solve the
linear system defined either by Eq. (57) or (62) and then the expressions needed, Egs. (66) to (82), for obtaining the quantities of
interest. We used/ = 60 to generate the results shown in Tables 1 to 16. In addition, in order to compare with results available
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Table 6
Thermal creep flow: velocity profile; (y), 2a =1,«; =0.5
y/a S-CL [26] S-CL(e =¢;) S-DE [26] S-DE(e = ¢&;) BGK-CL BGK-CL BGK-DE [30]
a, =05 ap, =05 o =qa o =q ap =05 o, =0.01 o=qa

0.0 2.308391(-1) 1.919736(-1) 2.637228(-1) 2.072228(-1) 1.817431(-1) 1.964317(-1) 1.97421(-1)
0.1 2.302050(-1) 1.914082(-1) 2.632585(-1) 2.068150(-1) 1.812832(-1) 1.961068(—1) 1.97099(-1)
0.2 2.282867(-1) 1.896966(—1) 2.618543(-1) 2.055803(-1) 1.798898(-1) 1.951227(-1) 1.96124(-1)
0.3 2.250342(-1) 1.867894(1) 2.594743(-1) 2.034830(-1) 1.775206(-1) 1.934508(1) 1.94467(-1)
0.4 2.203564(-1) 1.825971(-1) 2.560532(-1) 2.004582(-1) 1.740981(-1) 1.910384(-1) 1.92076(-1)
0.5 2.141065(-1) 1.769753(-1) 2.514854(-1) 1.964009(-1) 1.694970(-1) 1.878008(1) 1.88867(-1)
0.6 2.060530(-1) 1.696965(-1) 2.456037(-1) 1.911447(-1) 1.635198(-1) 1.836038(-1) 1.84707(-1)
0.7 1.958173(~1) 1.603891(-1) 2.381337(-1) 1.844162(-1) 1.558426(1) 1.782275(1) 1.79377(-1)
0.8 1.827199(-1) 1.483853(-1) 2.285787(-1) 1.757189(-1) 1.458836(-1) 1.712760(-1) 1.72482(-1)
0.9 1.652605(—1) 1.322075(-1) 2.158304(-1) 1.639392(-1) 1.323593(-1) 1.618736(~1) 1.63143(-1)
1.0 1.358984(-1) 1.043407(-1) 1.941861(-1) 1.432429(-1) 1.088709(-1) 1.456356(-1) 1.46896(-1)

Table 7

Thermal creep flow: velocity profile; (y), 2a =2,0; =0.5

y/a BGK-CL BGK-CL BGK-DE [13]

ap =05 oy =0.01 o=qa

0.0 2.426222(-1) 2.427729(-1) 2.439084(-1)

0.1 2.419790(-1) 2.423235(-1) 2.434617(-1)

0.2 2.400252(-1) 2.409587(-1) 2.421049(-1)

0.3 2.366844(-1) 2.386258(-1) 2.397858(-1)

0.4 2.318170(-1) 2.352282(-1) 2.364086(-1)

0.5 2.251967(-1) 2.306091(-1) 2.318176(-1)

0.6 2.164632(-1) 2.245185(-1) 2.257644(-1)

0.7 2.050225(-1) 2.165425(-1) 2.178377(-1)

0.8 1.897959(-1) 2.059261(-1) 2.072854(-1)

0.9 1.683751(-1) 1.909713(-1) 1.924101(-1)

1.0 1.284482(-1) 1.628985(-1) 1.643019(-1)
Table 8
Thermal creep flow: heat-flow profilg (y), 2a =1,«¢; =0.5
v/a S-CL [26] S-CL(e =¢&) S-DE [26] S-DE(e = &) BGK-CL BGK-CL

ap, =05 oy =05 o=y o=y a, =05 a, =0.01

0.0 —1.054961 —8.406252(-1) —1.288279 -9.699612(-1) —8.324107(-1) -8.581441(-1)
0.1 -1.052822 -8.388598(-1) -1.286901 -9.688383(-1) -8.308898(-1) -8.567083(-1)
0.2 —-1.046342 —8.335008(-1) -1.282727 —9.654309(-1) -8.262728(-1) —8.523496(-1)
0.3 -1.035317 -8.243511(-1) -1.275633 -9.596181(-1) -8.183888(-1) —8.449075(-1)
0.4 —-1.019378 —8.110515(-1) —1.265393 -9.511789(-1) —8.069264(-1) —8.340890(-1)
0.5 -9.979281(-1) —7.930222(-1) -1.251644 -9.397570(-1) ~7.913820(-1) -8.194206(-1)
0.6 —9.700305(-1) —7.693464(-1) -1.233812 —9.247884(-1) —7.709593(-1) —8.001538(-1)
0.7 -9.341567(-1) —7.385250(-1) -1.210963 -9.053494(-1) —7.443553(-1) —7.750640(-1)
0.8 -8.875782(-1) —6.978693(-1) -1.181426 —8.797795(-1) —7.092343(-1) —7.419569(-1)
0.9 -8.243358(-1) -6.414761(-1) -1.141540 -8.444161(-1) -6.604821(-1) ~6.960297(-1)
1.0 —7.153601(-1) —5.403023(-1) -1.073270 —7.810084(-1) —5.732521(-1) —6.139726(-1)

in the literature, we useley = 1, in defining the Poiseuille flow problerky = 1 for the thermal-creep problem akgl= —uy, /a
for the Couette flow problemtfu,, are the velocities of the plate at= Fa).

In this work, in Tables 1 to 16, we present results for different cases, in the sense of using a wide range of the accommodation

coefficients, including special cases,(— 0) where, according to the literature [26], the expected results should be similar to

the specular case of the Maxwell boundary conditions. In fact, that was one way we used to check our program and have
confidence in our results.
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Table 9
Thermal creep flow: heat-flow profilg (y), 2a =1,¢; =0.1
y/a BGK-DE [30] BGK-CL BGK-CL
o =q a, =05 o, =0.01

0.0 -1.17929 -1.04123 -1.11177
0.1 —1.17908 -1.04057 -1.11129
0.2 -1.17847 -1.03857 —-1.10986
0.3 -1.17743 -1.03516 -1.10743
0.4 -1.17592 -1.03020 -1.10389
0.5 -1.17388 -1.02350 -1.09911
0.6 -1.17121 -1.01472 -1.09285
0.7 -1.16778 -1.00332 -1.08474
0.8 -1.16329 -9.88329(-1) -1.07412
0.9 -1.15715 -9.67637(-1) —1.05951
1.0 —1.14642 -9.30924(-1) -1.03384
Table 10
Couette flow: velocity profile.(y), uy =1, 22 =1,0; =0.5
y/a BGK-CL BGK-CL S-CL S-DE [19]

o, =05 o, =0.01 an, =05 o=y
0.0 0.00 0.00 0.00 0.00
0.1 —2.082788(-2) —2.180447(-2) —2.093477(-2) -2.19712(-2)
0.2 —4.173979(-2) —4.372158(-2) —4.195212(-2) —4.40546(-2)
0.3 —6.282658(-2) —6.587207(-2) —6.314130(-2) —6.63718(-2)
0.4 —8.419431(-2) —8.839885(-2) —8.460648(-2) —8.90658(-2)
0.5 —1.059769(-1) —1.114833(-1) —1.064793(-1) -1.12319(-1)
0.6 —1.283585(-1) —1.353764(-1) —1.289403(-1) -1.36383(-1)
0.7 -1.516183(-1) -1.604616(-1) —1.522640(-1) -1.61646(-1)
0.8 —1.762423(-1) -1.874103(-1) -1.769277(-1) -1.88791(-1)
0.9 —2.033003(-1) —2.177064(-1) —2.039830(-1) —2.19337(-1)
1.0 —2.383022(-1) —2.589842(-1) —2.388559(-1) —2.61279(-1)
Table 11
Couette flow: velocity profile.(y), uy =1, 22 =1,0; =1.0
y/a BGK-DE BGK-CL S-DE S-CL

oa=qa ap =05 o=oa a, =0.5
0.0 0.00 0.00 0.00 0.00
0.1 —4.444980(-2) —4.444980(-2) —4.464054(-2) —4.464054(-2)
0.2 —8.906388(-2) —8.906388(-2) —8.944244(-2) —8.944244(-2)
0.3 —1.340199(-1) —1.340199(-1) —1.345802(-1) —1.345802(-1)
0.4 —1.795258(-1) —1.795258(-1) —1.802581(-1) -1.802581(-1)
0.5 —2.258445(-1) —2.258445(-1) —2.267341(-1) —2.267341(-1)
0.6 —2.733383(-1) —2.733383(-1) —2.743641(-1) —2.743641(-1)
0.7 —3.225586(-1) —3.225586(-1) —3.236894(-1) —3.236894(-1)
0.8 —3.744672(-1) —3.744672(-1) —3.756547(-1) —3.756547(-1)
0.9 —4.311896(-1) —4.311896(-1) —4.323489(-1) —4.323489(-1)
1.0 —5.037226(-1) —5.037226(-1) —5.045992(-1) —5.045992(-1)

We present in tables, in addition to the “BGK-CL” results (BGK model with Cercignani—Lampis boundary conditions)
obtained with the formulation presented in this work, the “S-CL” results (S model with Cercignani—Lampis boundary condi-
tions) we obtained [31] by including the Cercignani—Lampis boundary conditions to the formulation developed by Cabrera and
Barichello [19], in which, in contrast to Ref. [26], the parametevas considered arbitrary. In fact, for the S-model, Eq. (4)
assumes different values when evaluated in terms of viscasjty=(1) or thermal conductivityg; = 3/2) [19]. In generating
some of the results presented in the tables, we used, in general,,. We still note that, we also use the notation “DE” to
reference results associated to the diffuse-specular boundary conditions.
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Table 12

Couette flow: heat-flow profile.(y), uy =1,2a=1,0; =0.5

y/a BGK-CL BGK-CL S-CL S-DE [19]

ap =05 a, =0.01 ap =05 o=q

0.0 0.00 0.00 0.00 0.00

0.1 2.747698(-3) 3.290843(-3) 3.172930(-3) 3.86036(-3)

0.2 5.537417(-3) 6.637746(-3) 6.383073(-3) 7.77360(-3)

0.3 8.414572(-3) 1.010147(-2) 9.670515(-3) 1.17969(-2)

0.4 1.143220(-2) 1.375334(-2) 1.308180(-2) 1.59974(-2)

05 1.465727(-2) 1.768404(-2) 1.667532(-2) 2.04597(-2)

0.6 1.818182(-2) 2.201906(-2) 2.053075(-2) 2.53011(-2)

0.7 2.214549(-2) 2.695015(-2) 2.476839(-2) 3.07006(-2)

0.8 2.679122(-2) 3.281295(-2) 2.959705(-2) 3.69732(-2)

0.9 3.265398(-2) 4.034949(-2) 3.547748(-2) 4.48226(-2)

1.0 4.248871(-2) 5.337687(-2) 4.481701(-2) 5.80004(-2)

Table 13

Couette flow: heat-flow profilg. (y), uy =1, 22 =1,a; = 1.0

y/a S-DE S-CL BGK-DE BGK-CL

o=a oy =05 o=q a, =05

0.0 0.00 0.00 0.00 0.00

0.1 6.075741(-3) 6.075741(=3) 5.278643(-3) 5.278643(-3)

0.2 1.222416(-2) 1.222416(-2) 1.063943(-2) 1.063943(-2)

0.3 1.852364(-2) 1.852364(-2) 1.617119(-2) 1.617119(-2)

0.4 2.506532(-2) 2.506532(-2) 2.197786(-2) 2.197786(-2)

0.5 3.196381(-2) 3.196381(-2) 2.819096(-2) 2.819096(-2)

0.6 3.937594(-2) 3.937594(-2) 3.499163(-2) 3.499163(-2)

0.7 4.753920(-2) 4.753920(-2) 4.265551(-2) 4.265551(-2)

0.8 5.686717(-2) 5.686717(-2) 5.166358(-2) 5.166358(-2)

0.9 6.827561(-2) 6.827561(-2) 6.307849(-2) 6.307849(-2)

1.0 8.657217(-2) 8.657217(-2) 8.239876(-2) 8.239876(-2)
Table 14
Couette flow: the flow rat&/,, uyy =1, 0 =0.5
2a BGK-CL BGK-DE [16] S-CL S-DE [32] BGK-CL

o, =0.01 o=q ap =05 o=q oy, =05
1.0(-1) —2.643973(-1) —2.74926(-1) —2.447809(-1) —2.75239(-1) —2.445556(-1)
1.0 —1.056692(-1) -1.16120(-1) —1.096461(-1) -1.16739(-1) —1.092005(-1)
1.0(2) —2.764398(-2) -3.26636(-2) -3.270622(-2) -3.27074(-2) -3.267069(-2)
Table 15
Couette flow: the heat-flow rat@., uy =1, a; = 0.5
2a BGK-CL BGK-DE [16] S-CL S-DE [32] BGK-CL
a, =0.01 o=q ap, =05 o=q ap =05

1.0(-1) 9.980679(-2) 9.17172(-2) 7.750149(-2) 9.31118(-2) 7.649576(-2)
1.0 2.610433(-2) 1.99715(-2) 1.809911(-2) 2.25189(-2) 1.626907(-2)
1.0(1) 9.127214(-4) 4.29861(-4) 4.890106(-4) 6.09261(-4) 3.537455(-4)

To have some confidence in our results, which we believe to be correct for all the digits presented in the tables (plus or minus
one in the last digit), we established comparisons with results available in the literature for other models [7,26] and we found
good agreement. We also use the special cases to establish comparisons with the diffuse-specular results. As it has been four
for other problems [19,32] the results based on the BGK and S model, have, in general, agreement in one or two digits, for an
adequate choice of the mean-free-path.
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Table 16
Couette flow: a componem,,, of the pressure tensary, =1,a; = 1.0
2a BGK-CL BGK-DE S-CL S-DE BGK-CL
a, =0.01 o=q ap =05 o =q a, =05
1.0(-2) 9.913980(-1) 9.913980(-1) 9.913980(-1) 9.913980(-1) 9.913980(-1)
2.0(-2) 9.831755(-1) 9.831755(-1) 9.811753(-1) 9.811753(-1) 9.831755(-1)
1.0(-1) 9.257968(-1) 9.257968(-1) 9.257894(-1) 9.257894(-1) 9.257968(-1)
1.0 6.007292(-1) 6.007292(-1) 6.005436(-1) 6.005436(-1) 6.007292(-1)
2.0 4.436467(-1) 4.436467(-1) 4.434197(-1) 4.434197(-1) 4.436467(-1)
3.0 3.535337(-1) 3.535337(-1) 3.533315(-1) 3.533315(-1) 3.5635337(-1)
1.0(2) 1.473125(-1) 1.473125(-1) 1.472598(-1) 1.472598(-1) 1.473125(-1)
2.0(1) 8.044769(-2) 8.044769(-2) 8.043177(-2) 8.043177(-2) 8.044769(-2)
1.0(3) 1.768859(-3) 1.768859(-3) 1.768851(-2) 1.768851(-2) 1.768859(-3)
1.0(7) 1.772453(-7) 1.772453(-7) 1.772453(-7) 1.772453(-7) 1.772453(-7)
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Fig. 1. Poiseuille flow — BGK model — velocity profileg2= 1 and Fig. 2. Poiseuille flow — BGK model — velocity profilea2= 1 and

a; =0.5. ap =0.5.
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Fig. 3. Thermal-creep flow — BGK model — velocity profile; 2 1 Fig. 4. Thermal-creep flow — BGK model — velocity profile; 2 1
anda; = 0.5. anda, = 0.5.

We also reproduce some graphs (Figs. 1 to 6) to emphasize that the results, that do not seem to be sensitive to the model, are
very sensitive to the accommodation coefficients, mainly, the tangential accommodation coefficient.
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Fig. 5. Couette flow — BGK model — velocity profileg2=1 and  Fig. 6. Couette flow — BGK model — velocity profilea2= 1 and
a; =0.5. a, =0.5.

7. Concluding comments

The ADO method, an analytical version of the discrete-ordinates method, based on a half-range quadrature scheme, was use
to develop in an unified way, a solution for the Poiseuille, thermal-creep and Couette flow problems, in the rarefied dynamics
field, with the gas—surface interaction modeled by the Cercignani—-Lampis kernel. The results based on the BGK model do
not show a significant difference in comparison with other constant collision frequency model (S-model) treated by the same
approach, but it was noted, on the other hand, the dependence on the accommodation coefficients variation, in particular, the
tangential accommodation coefficient.
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